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a b s t r a c t
In his application of the homotopy perturbation (HP) method to the problem of the three-
dimensional flow past a stretching sheet, P.D. Ariel [The three-dimensional flow past a
stretching sheet and the homotopy perturbation method, Comput. Math. Appl. 54 (2007)
920–925] encountered secular terms in the second order approximation, which he could
not avoid. It is shown here that these secular terms can be removed by coordinate straining.
Moreover, the form of an HP solution, which is free from secular terms at all levels of
approximation, and which can be determined recursively, is indicated.
© 2008 Elsevier Ltd. All rights reserved.
The author of Ref. [1] applied the homotopy perturbation (HP) method to the following problem
F ′′′ + (F + G)F ′′ − F ′2 = 0 (1a)
G′′′ + (F + G)G′′ − G′2 = 0 (1b)
dash > #Ie)F ′(0) = 1 G′(0) = β F(0)+ G(0) = 0 (1c–e)
F ′(∞) = 0 G′(∞) = 0 (1f, g)
where dashes denote differentiation with respect to the similarity coordinate η.
As the author mentioned in the introduction, the aim was to show that the HP method could be applied to a problem
comprised of more than one ordinary differential equation. This aim was not achieved, however, since the author could not
extend the HP analysis beyond the first order approximation.
Knowing that the solution would contain exponentials [2], the author recast Eqs. (1a) and (1b) in the following form;
with p being the HP parameter.
F ′′′ − b2F ′ = −p[(F + G)F ′′ − F ′2 + b2F ′] (2a)
G′′′ − b2G′ = −p[(F + G)G′′ − G′2 + b2G′]. (2b)
Thus, one arbitrary parameter b was introduced; which could be chosen to remove the secular terms from the first order
approximation only. Irremovable secular terms appeared in higher order approximations and forced the author to settle for
the first order approximation.
The difficulty faced by the author can be overcome by straining the coordinate η. Introduce the strained coordinate
ζ = sη (3a)
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where the straining function s has the following form. (As a convention, summations without an upper limit may extend
indefinitely.)
s ∼
∑
i=0
sipi s0 = 1. (3b)
For i > 1, we can choose the coefficient si to remove the secular term in the ith level of approximation. Note that either b (if
retained, as will be done here) or s1 can be chosen arbitrarily. We choose s1 = 0 in order to reproduce the results of Ref. [1].
Eqs. (2a) and (2b) and Conditions (1c,d) become
s3F ′′′ − b2sF ′ = −p[(F + G)s2F ′′ − s2F ′2 + b2sF ′] (4a)
s3G′′′ − b2sG′ = −p[(F + G)s2G′′ − s2G′2 + b2sG′] (4b)
sF ′(0) = 1 sG′(0) = β (4c, d)
where, now, the dashes denote differentiation with respect to ζ . Other boundary conditions of Problem (4), being identical
to the corresponding conditions of Problem (1), are not repeated thenceforth.
The following expansions for F and G are introduced.
F ∼
∑
i=0
piFi G ∼
∑
i=0
piGi. (5a, b)
The zeroth and first order problems are identical to those of Ref. [1]; leading to the solutions
dash > #Ic)F ′0 = E G′0 = βE F0 + G0 = b(1− E) (6a–c)
dash > #Ic)F ′1 = G′1 = αbE(1− E) F1 + G1 = α(1− E)2 (7a–c)
where
dash > #Ic)E = e−bζ b = √1+ β α = β
3b3
. (8a–c)
For the second order terms we have
F ′′′2 − b2F ′2 = b2(α − 2s2)E − 2αb(b+ β)E2 + αb(2β + b)E3 (9a)
G′′′2 − b2G′2 = βb2(α − 2s2)E − 2αb(1+ βb)E2 + αb(2+ βb)E3 (9b)
s2F ′0(0)+ F ′2(0) = 0 s2G′0(0)+ G′2(0) = 0. (9c, d)
The first terms on the right-hand sides produce secularity that can be removed by choosing
s2 = 12α (10)
leading to the solutions
F ′2 = −b(f21E + 2f22E2 + 3f23E3) (11a)
G′2 = −b(g21E + 2g22E2 + 3g23E3) (11b)
F2 + G2 = (f21 + g21)(1− E)+ (f22 + g22)(1− E2)+ (f23 + g23)(1− E3) (11c)
where
dash > #Ic)f21 = −α(10β + b)24b2 f22 =
α(β + b)
3b2
f23 = −α(2β + b)24b2 (12a–c)
dash > #If )g21 = −α(10+ bβ)24b2 g22 =
α(1+ bβ)
3b2
g23 = −α(2+ bβ)24b2 . (12d–f)
Further terms can be obtained in a similar fashion. In fact, Eqs. (11a) and (11b) suggest the following form for the expansions
for F and G.
F ∼
∑
i=0
pi
i+1∑
j=0
fijE j G ∼
∑
i=0
pi
i+1∑
j=0
gijE j. (13a, b)
Substitution of Expansions (3b) and (13a,b) into Problem (4) and equating coefficients of like powers of piE j on both sides,
lead to recurrence relations that can be used to give si, fij, gij for all i, j. Setting p = 1, we obtain the uniformly valid HP
solution
dash > #Ic)s ∼
∑
i=0
si F ∼
∑
i=0
i+1∑
j=0
fijE j G ∼
∑
i=0
i+1∑
j=0
gijE j. (14a–c)
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Finally, an asymptotic expansion is one that contains no secular terms [3]. It can be extended to asmany terms as onewould
wish. One cannot accept as a perturbationmethod, one that has to be terminated unduly because of a secular behavior, even
if it produces accurate results in a given problem.
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